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SECTION I

INTRODUCTION

In this report we consider the problem of computing sound propagation

in ducts. These ducts are models of the interior of jet engines. Since

the largest source of jet engine noise is fan noise, there has been an

increase in interest in duct acoustics in recent years. We will consider

ducts of uniform cross section with or without mean flow and ducts with

variable cross section not containing flow. The ducts are either two

dimensional or axially symmetric three dimensional. To compute the

sound field within one of these ducts, the momentum and continuity equa-

tions are linearized and combined to yield a linear, second order partial

differential equation in the acoustic pressure. The boundary conditions

consist of a specified pressure distribution at the duct entrance, a

vanishing normal derivative at the centerline, and a specified acoustic

impedance at the exit and at the outer wall of the duct which corresponds

to an acoustic lining. These equations are then solved using the finite

difference method. The large system of algebraic equations which result

from using finite differences is solved using an out-of-core block tri-

diagonal system solver on the CDC Cyber 74 computer. The acoustic

velocities are then determined by integrating the linearized momentum

equations and then used to compute the acoustic power at the entrance and

exit of the duct. These are then used to determine the attenuation

resulting from a particular wall lining.

For a nonuniform duct the additional step of mapping the nonuniform

geometry to a uniform duct is required before the finite difference

method is applied to obtain the solution. We use a conformal map so
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that right angles in the original coordinate system become right

angles in the mapped coordinate system. The mapped equations are then

solved using finite differences as indicated.

In Section II, we will describe in more detail the equations

and boundary conditions which need to be solved and give the

expressions used to compute the acoustic power. In Section III,

we discuss the conformal mapping procedure and derive the mapped

equations and boundary conditions. In Section IV, we derive the

finite difference equations for both the original and mapped equations,

and indicate the method used to solve the resultant system of algebraic

equations. In Section V, we describe the computer program DUCT

including minor program modifications for extra capability, and in

Section VI we give samples with input and output.

SECTION II

ANALYTIC MODEL

Differential Equations

If viscous and heat transfer terms are neglected, the equations

of motion for an ideal gas are

Momentum p' D(V')/Dt = -Vp' (la)

Continuity D(p')/Dt + p'(V'V') = 0 (lb)

Energy and state p I const p' (1c)

where p' is the density, V' is the velocity vector, and p' is the

pressure. If it is assumed that the pressure perturbations are

small compared to the average pressure and that the steady velocities

are negligible, Eq. (1) becomes
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2Aaplat = -po 0CV-V (2a)

P ^/at = -V^ (2b)

When combined, Eqs. (2) reduce to the wave equation

v2  = (1lC2) a2P/lt 2  (3)

and, with time dependence of the form eiwt [that is, ^(X,Y,Z,t)

= eiiwtp(XY,Z)], Eq. (3) becomes the Helmholtz equation for the

pressure p

V2p + (w2/c2)p = 0 (4)

Analyzing only one frequency for fan noise is reasonable since

noise at different frequencies can be superimposed. In nondimensional

coordinates, 1,2,3,4 Eq. (4) becomes

V2p + (21M)2p = 0 (5)

with rn = Rw/(27rc) for a cylindrical duct (R being the duct radius),

n = Hw/(27rc) for a rectangular duct (H being the duct height). In

two dimensions, for rectangular ducts, Eq. (5) is

a2p/ax2 + a2p/ay2 + (2TM)2p = 0 (6)

whereas, in three dimensions with axial symmetry, Eq. (5) becomes

a2 p/ax2 + a2 p/ar2 + (1/r) ap/ar + (27l)2 p = 0 (7)

where x is the axial direction and r is the radial direction. In

the mean flow case, the steady velocity in the axial direction is

assumed to be a constant U (and no longer negligible), yielding the

dimensionless axially symmetric reduced wave equation 3
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(1-M2 ) a2p/;x2 + a2p/Dr2 + (1/r) Dp/3r
(8)

- 4rnMi ap/ax + (2TFn) 2p = o

where M = U/c is the Mach number and n = Rw/(2rc) is the dimensionless

frequency, R being the duct radius.

Boundary Conditions

To absorb acoustic energy within the duct, the outer walls are

lined with Helmholtz resonators. The Helmholtz resonator can consist

of a perforated sheet placed at distance d from a solid backing sheet.

The acoustic impedance of this wall lining is determined by the hole

diameters and backing depth.

If Z is the acoustic impedance at the outer wall, then

Z = p/n.V

where n is the exterior normal to the outer wall. For no flow,

iwp V = -Vp, so

iZ/Wpo = p/n-Vp

or (9)

ap/an + iwp0 p/Z = 0

at the wall. [Note that ap/3n = n.Vp by definition.] For the case

of uniform flow the continuity of particle displacement is used rather

than the continuity of particle velocity to derive the dimensionless

boundary condition

3p/ n = -2'-rip/Z - (2M/Z ) ap/ax + iM2 /(27Tw) 32P/ýx2 (20)
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at the outer wall (see Ref. 5 for the derivation). For a variable wall

lining (such as a three-sectional lining) Zw is a function of x instead

of being constant, as is the case for a uniform lining. The remaining

boundary conditions for a cylindrical duct are

p(O,r) = f(r) at the entrance (lla)

Dp/n = 0 at r = 0 (the centerline) (llb)

Dp/9n + 2 7rTTip/Ze = 0 at the exit (llc)

For the rectangular duct the only change in the boundary condition

is that p(O,y) = f(y) is specified as an entrance condition.

Sound-Power Attenuation

For both the no-flow and uniform flow cases, the expression used

to compute the dimensionless axial intensity3,4 is

I(x,r) = real (p*u)/(27Tn) + M[p*p + (u*u + v*v)/(27TTI) 2 ]/2 (12)

where u is the velocity in the axial direction, v is the velocity

in the radial direction, and the asterisk denotes complex conjugation.

For the no flow case, of course, M = 0 and

I = real (p*u)/(2T) (13)

To compute u and v, once p is known, the dimensionless x-momentum and

r-momentum equations are used:

u = i 4p/ax + i M/(27TTI) au/ax (14a)

v = i Bp/3y +' i M/(27M) Dv/Ix (14b)

5



The initial condition used to solve for u is that u = 27rrrp at the

exit. Then the irrotationality condition au/Dy = av/ax and

Eqs. (14) are used to solve for v. Once the intensity is known

the dimensionless acoustic power is computed as

E = I(x,r)dA = I(x,r)rdr (15)
x A 0

for a cylindrical duct, or

E = lI(x,y)dy (16)x 0

for a rectangular duct. The sound attenuation is then determined

as

dB = 10 log10 [Ex/Eo0 (17)

where E0 is the sound power at the entrance and E is the sound

power at the axial point x.

SECTION III

CONFORMAL MAPPING

The well-known Riemann Mapping Theorem establishes that an

arbitrary simply connected domain in the plane can be mapped

conformally onto an open rectangle with vertices (0,1), (0,-l),

(X,-I), and (X,l). (For a diagram of such a map, see Fig. 1. Other

examples of variables of ducts are given in Figure 2.) If the map

is of the form

z = z(x,y); r = r(x,y)

then, for it to be conformal, the Cauchy-Riemann equations

3z/9x := r/Dy; Dz/3y :-r/x

must be satisfied.
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Assuming axial symmetry, Eq. (4) may be rewritten as

a2p/az2 + a2p/ar2 + (1/r) ap/ar + (w/c) 2p = 0

where z is the axial coordinate and r is the radial coordinate.

In transformed coordinates this equation becomes

2 a 2+ 1 @z(x,y) •_t

ax ay

* 1 a)T) k ) aP + (2Trn)2 (az(,Y) 2 (18)

2 xaz(•,Y)21 I

where p(x,y) = p(z,r) and Ti=Rw/(27rc) is the dimensionless frequency.

The boundary conditions (9) and (11) become

P(O,y) = f(z(O,y),r(O,y)) = g(y) at the entrance (19a)

3P= 0 at y = 0 (19b)
ay

~= -27T-ip['] I]z2/

_y [[ [7axz 2 Fa .zl y at y =1 0190

Jk-= 2wKii 2 + at x = X. (19d)
ax 12 _X~j rayj jix

Finite difference solutions will be obtained in Sec. IV. (See Ref. 6

for a more complete description.)

Example
'Tr

For positive real a < T, the cone enclosed in the (z,r) plane by

the lines r = (sin cx)z/cos a and r = -(sin a)z/cos a and by arcs of

the circles z2 + r 2 = R2 and z2 + r 2 = R2 e2ctX is the region considered.

7



The transformation defined by

z = Reax cos cy; r = Re"x sin ay (20)

maps the open rectangle onto the prescribed cone. With z(x,y)

and r(x,y) defined by Eq. (20), the finite difference equations

corresponding to Eqs. (18) and (19) were solved on a rectangle using

the method described above.

SECTION IV

FINITE DIFFERENCE SOLUTIONS OF ANALYTIC MODEL

To obtain solutions of Eqs. (6-8) in the case of a rectangular

duct, a no-flow cylindrical duct, or a cylindrical duct with uniform

flow, respectively, the method of finite differences was used. The

boundary conditions (10) and (11) must be included for the problems

to be well posed. The finite difference equations may be summarized

as follows (see Refs. 2, 3, 6, and especially 7). Set

6x = X/(n+l)

6r = 1/(m+l)

x. = j6x j = n, . n

rk = k6r k = 1, m

and
Pj,k = p(xj'lYk)

where m and n are positive integers. Then for a cylindrical duct

the difference equation at a point not adjacent to the boundary

is
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(-M 2 )(Pj+l,k - 2pj ,k + Pj-l,k)/(6x)2

+ (PJ,k+l - 2 pJ,k + Pj,k-1)/(6r)2 + (PJ,k+l - Pj,k-1 )/(2( 6r)rk)

- 147nMi(Pj+l,k - Pj.l,k)/(26x) + (2nn)2Pj,k = 0.

Collecting terms, the equation becomes

[2 + 2(1-M2 )(6r) 2 /(Ax) 2 - (2nTricr) 2 ] Pj,k - Pjk+l[1 + 1/(2k)]

- Pj,k1 [1 - 1/(2k)] - pj+l,k[l-M2 - 2rnMi6rr2 16x]

_ PJ-l'm[1-M2 + 2r]Mi6rr2/6x] = 0 for 1 < J < n-1, 2 <k <m-1.

Similar expressions are obtained for j = n, k = 1, k = m, which

correspond to the boundary conditions (10) and (11).

To obtain a solution of Eqs. (18) and (19) on a cylinder, the

following finite difference scheme is employed.

Set
6x = X/(n + 1),

6y = 1/(m + 1),

x. = j 6x, j = 1, ,

= k 6y, k = 1, *,

z ,(x'yk)

j ,k y x
3z (

Zj,k- =- (x jYk), = n, ,

rj,k = r(xj,Yk), k = , 1 ,

and

Pj ,k = p(xj ,yk)



where m and n are positive integers. Then the difference equation

is
(Pj+l,k - 2pj ,k + Pj-l,k)/(6x) 2

+ (Pj,k+l - 2pj,k + Pj k-l)/(6y)2

r 9Jk (Pj+l,k Pj-l,k)/(26x)
rj ,k

" J'k (Pj,k+l Pj,k-i)/(26y)rj ,k

"+ (27M) 2(2j,k 2 + zjk )Pij = 0.

Collecting terms, the equation becomes

2+ 2(y) 2/(6x) 2 (2irniy) 2(2,k + ,k ) Pj k

Pjk+l1 ,k y/2I - Pjk1 1 -r jk

rj,k ,X,

- PjI,kL6Y) /(x)2 + zj k

= 0 for 1 < j < n - i, 2 < k < m -.

Similar expressions are obtained for j = n, k = 1, k = m, which

correspond to the boundary conditions (19).

For a reasonable number of mesh points, say 50 in the x

direction and 20 in the y direction, the linear system of equations

to be solved consists of 1000 unknown Pj,k' to be determined. More-

over, the p j,k s are complex numbers because of the boundary
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conditions, so there are 2000 unknown real numbers to compute.

Standard iterative methods will not work for this problem, for the

system is neither positive definite nor symmetric. Therefore, a

direct method was used to solve the system, taking advantage of

its sparseness.

The set of difference equations forms a system of linear

equations which can be written in matrix form as MP = F

where M is the finite difference matrix, P is the unknown pressure

matrix and F is the matrix containing the prescribed pressures.

M has the following form:

0 ... 0-a 0 0 0 0 ... 0-1 b-l 0 0 0 0 ... 0-c 0 0 0 0 ... 0

0 ... o O- 0 0 0 ... 0 0- b-4 0 0 0 ... 0 O- 0 0 0 ... 0

0 ... 0 00- 0 0 ... 0 0 0 -l b-l 0 0 ... 0 00• 0 0 ... 0

0 ... 0 0 00 -a ... 0 0 0 0- b4 0 ... 0 0 00C 0 ... 0

which can be written as a block-tridiagonal matrix

B1 C1 0 0 ... 0

A2 B2 C2 0 ... 0 where A, B, C are square matrices

0 A3 B3 C3 0 which fit into the pattern.

0 ... A Bn n

M can now be factored as

M= L*U
or

B 1 C 1 0 0 ... 0 I 0 0 ... 0 1 C1 0 0 ... 0

A2 B2 C2 0 ... 0 - 2  I 0 ... 0 0 U2 C2 0 ... 0

0 A3 BC 3  0 0 L3 I ... 0 0 0 U3 C3 - 0

0 ... An Bn 0 ... Ln I 0 .- 0 U2

II



where

U1 = B1

Lm = ArUn 1 for m = 2, ... n

Um = B m-Lm Cm1

Therefore, the system to be solved may be written as

L * U * P= F

Solving L * Y = F for Y and then solving U * P = Y for P gives

the desired pressures.

SECTION V

PROGRAM DESCRIPTIONS

Program DUCT computes the pressure within cylindrical, rec-

tangular, and nonuniform ducts using the finite difference method

described in Section IV. Using these values for the pressure, DUCT

then calculates the acoustic power and attenuation.

The logical flow of DUCT is represented schematically in

Figure 3. A summary of the various subroutines called by DUCT is

now given.

DUCT The main routine which controls the reading of input

and the initialization of variables. DUCT calls

FUNCT directly or, if the function is to be

minimized, calls an optimization routine ZXMIN.

FUNCT A statement function which does the calling to the

subroutines which set up the system to be solved,

12



solve the system, compute the attenuation of sound,

and print the output. By having a statement function

do the calling, standard optimization routines can

be used which minimize a given function.

ZXMIN A library subroutine which finds the minimum of a

function.

SETUPI This subroutine uses a finite difference method to

transform the wave equation for a rectangular duct

p + p + X 2p = 0
xx yy

into centered difference equations at each point.

For a point not on the boundary, the equation has

the following form:

[Pil~j - 2P. . + P i- /Dx 2

+ [Pi,j+l -2Pi~j + Pi.j-l ]Dy2 + X2P ij = 0

Collecting terms, the equation becomes

(2 + 2 Dy X 2 Dy2) Pij Pi,j+l - Pi,j+l
D xx2 i l _

D y2 PDr2 : 0

"2 i+l,j Dx2 i+l
x

This system of equations is then written in matrix

form.

SETUP Using the methods and equations presented in Section IV,

SETUP produces the finite difference for a nonuniform

duct.

13



SETUP2 This subroutine sets up the matrix for a cylindrical

duct as described in Section IV.

BLOCK To increase the efficiency of the program, the matrix

produced in the SETUP routines is stored in block-

tridiagonal matrix form. BLOCK calls LU3 to factor

the matrix into bidiagonal form. LEQS3 is then

called to solve the system using back substitution.

BLOCK also invokes CLOSMS, OPENMS, WRITMS and READMS

which are system subroutines available on Control Data

machines.

OUTPUT Prints the real and imaginary parts of the pressure

calculated in the BLOCK subroutine.

SOUND Given the pressure, SOUND computes and prints the

sound power and attenuation

dB = 10 log1 O (E 2/EI)

where E1 is the acoustic power at the entrance of

the duct and E2 is the acoustic power at the exit.

Input

The information needed to perform the calculations can be entered

through cards or disks. A description of required input is presented

here.

Card No. Columns Variable Name Description

1 1-3 IDUCT An integer representing the

duct geometry. Enter -l

for a nonuniform duct, 0 for

14



Card No. Columns Variable Name Description

a rectangular duct or 1 for

a cylindrical duct. (13)

2 1-10 XM Mach Number. For the acoustic

linearization to be valid

-. 5 < XM < .5. Set XM equal to

zero for no flow case. (FlO.0)

3 1-20 ZETAX Complex number representing the

exit impedance (FlO.0, FlO.O).

4 1-20 ZETAX Wall impedance at Y = YMAX.

ZETAX = 9999999999 + i9999999999

corresponds to a hard wall (FlO.0,

Fl0.0).

5 1-10 XMAX Length, L, of duct in meters

(FlO.0).

5 11-20 YMAX Height, H, of duct in meters. If

problem has been made non-dimensional,

set YMAX = 1 and XMAX = L (F10)

6 1-10 ETA Frequency parameter (FlO.O).

7 1-3 IEND Number of pts in x-direction,

excluding pts on the boundaries.

Maximum of 100 if subroutines READMS,

WRITMS are used. If XM t 0, IEND

should be odd. (13)

15



Card No. Columns Variable Name Description

7 4-6 IEND Number of pts. in y-direction,

excluding pts on boundaries.

Maximum of 20. (13)

8 1-3 KOUT Controls the form of the output.

Set KOUT = 0 to suppress the

printing of pressures and

KOUT = 1 for complete output.

(13)

If ZXMIN is to be called to find the minimizing values of ZETAY, the

following information is required.

Card No. Columns Variable Name Description

8 4-6 NUMMAX Maximum number of iterations or

calls to FUNCT by ZXMIN. (13)

8 7-16 IH Number of digits of accuracy

desired in the estimates of ZETAY. (13)

If KOUT = 0, the following card can be left blank.

Card No. Columns Variable Name Description

9 1-3 lOUT Increment value. The pressure

will be printed for pts with

abscissas corresponding to the

values of I = 1 through IEND in

steps of lOUT. (13)

16



Card No. Columns Variable Name Description

9 4-6 JOUT Increment value. The program

will print the pressure at pts

located on grid lines corresponding

to J = 1 through JEND in steps

of JOUT. (13)

9 7-9 IT The pressure will be printed for

pts located on grid lines corre-

sponding to J = 1 through IT.

Maximum value is IT = JEND.

(Headings will be distorted if

JOUT = 1 and IT > 15).

10 1-10 ALPHA Generating angle in radians of a

nonuniform duct. Required only

if IDUCT = -1. (FlO.0)

Multisectional Linings

If the user desires a multisectional lining, several changes must

be made to the program to accommodate the additional impedance parameters

(See Section IV). The following changes were used to modify the program

for a three-sectional lining in a nonuniform duct. Modifications for

rectangular and cylindrical ducts are enclosed in brackets.

Recall that the impedance is a complex number so that an n-sectional

lining means ZET, the array containing these values, will be of dimension

2n. To adjust the dimension of ZET, insert the appropriate value in

line 7 of DUCT. In DUCT, arrays WA, HH, and G are parameters required

by ZXMIN and their dimension depends on the dimension of ZET. Set the

17



dimension of WA equal to N(N+4). The dimension of HH equal to N(N+I)/2,

and the dimension of G equal to N where N is the dimension of ZET

(N=2n). For example, for a 3 section lining, DUCT.7 should now read:

DIMENSION ZET(6), WA(18), HH(21), G(6)

In addition, a dimension statement will need to be inserted after

line 8 in SETUP [SETUP1, SETUP2] which reads DIMENSION ZET (6). Also,

in line 55 of DUCT, the number following FUNCT in the parameter list

is the dimension of ZET, thus it should be changed to

ZXMIN (FUNCT, 6, IH, NUMMAX, q, ZET, HH, G, FMIN, WA, IER)

To initialize the values of ZET to those of a uniform lining, the

following cards should be inserted after line 51 in DUCT

ZET(3) = ZET(l)

ZET(4) = ZET(2)

ZET(5) = ZET(l)

ZET(6) = ZET(2)

If the program is restarted, the expressions on the right side of

the equations can be replaced with the minimizing values from the

previous run.

In order to pass the additional values to the subroutines, lines

10 through 12 in FUNCT should be replaced with

IF(IDUCT.LT.O) CALL SETUP (ZET)

IF(IDUCT.EQ.O) CALL SETUP1(ZET)

IF(IDUCT.GT.O) CALL SETUP2(ZET)

and the first line of SETUP [SETUPI, SETUP2] should be replaced with

18



SUBROUTINE SETUP (ZET)L SUBROUTINE SETUPI (ZET)]

SUBROUTINE SETUP2(ZET)j

To print the values of ZET before each pass, insert these cards after

line 9 in FUNCT

PRINT 999, (ZET(I), I = 1,6)

999 FORMAT (lX, 6F16.8)

where I ranges from 1 to the dimension of ZET.

Finally, the location of the various linings are inserted after

SETUP .34 [SETUPl.22, SETUP2.22]. For example, if each lining occupies

one third of the duct the following lines are added:

ZETAY = ZET(1)+AI * ZET(2)

IF (K.GT.IEND/3)ZETAY=ZET(3)+AI*ZET(4)

IF (K.GT.2*IEND/3) ZETAY=ZET(5)+AI*ZET(6)

Radial Modes

If the function to be evaluated is not equal to a constant (one)

at the entrance, the pressure at those points must be inputed. Several

changes are required in the main program and the SETUP subroutines in

order to modify the program for this case.

The following lines should be inserted after line 28 in DUCT,

READ 993 (Y(I), I=l, JEND)

993 FORMAT (12F6.0)

PRINT 994 (Y(I), I=l, JEND)

994 FORMAT (IX, 16F8.3)
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In addition, line 47 in SETUP2 and line 51 in SETUP1 should be

replaced with

10 Y(I) = - AA(I) * Y(I).

In SETUP, line 60 should be replaced by

10 Y(I) = - A * Y(I).

Computations for ZETAX for a Nonuniform Duct

Recall that
- 2Trn Ri

R

and

P - -2rTni P
Zx

where n is the frequency and R = .5e -ALPHA.XMAX

Therefore

Z_-2rrriP
x P R

-27Tie"2miR e-27TnRRi
1 (fle R+ 2•ni)

R RT

: 2 (27n)2 + 2TrniR

1 + (27nR) 2

OUTPUT

The output from DUCT consists of the following:

1) The solutions to the wave equation at the indicated points.

Note that in reading the printout from left to right, the y-coordi-

nate varies while the x-coordinate is held constant. The last
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column of numbers corresponds to the x-coordinate of the points.

The headings for the program have been set up for printing a

maximum of fifteen points in the y-direction. If desired, the

pressure can be printed at addition points, but the headings will

be distorted.

2) The computed values for the acoustic power at the entrance and

exit of the duct and the resultant attenuation.

3) If ZXMIN is called and a multisectional lining is used, the

values of ZET will be printed before the headings for each iteration.

When all the iterations have been performed, the minimizing value of

ZETAY for the first lining, the attenuation, the convergence criterion,

the number of iterations, and IER, an error condition will be

printed.

IER = 0 means no errors occurred and convergence has been achieved.

IER = 130 means the iteration was terminated due to excessive rounding

errors.

IER = 131 means the iteration was terminated because NUMMAX has been

reached.

Section VI

SAMPLE RUNS

In this section, the input and output for a variety of sample

cases are presented.

Case I

Cylindrical duct: no flow, uniform lining, pressure printed

at every other point in both directions.
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Case I Input

1

0.

1. 0.

.7 -. 6

2. 1.
.5

50 20

1

2 2 20

Case II

Conical duct: no flow, uniform lining, pressure printed for

first 15 points in y-direction.

Case II Input

-l

0

.9641 .1861

.3 - .5

1. 1.

1.

49 20

1

2 1l1

.75

Case III

Rectangular duct: no flow, radial modes, pressure printed for

first 15 points in y-direction.

22



Case III Input

0

0.

1.0453 .332

.9287 -. 7442

1. 1.

1.

50 20

1

2 2 20

-. 775 -1.18 -. 440 -1.11 ... Pressures for the

.950 -. 075 .990 -. 020 ... 20 nodes at the

.170 -. 820 -.110 .990 ... entrance

Case IV

Cylindrical duct: no flow, uniform lining, ZXMIN called to

find minimizing value of ZETAY.

Case IV Input

1

0.

1. 0.

.6 -1.5

2. 1.

1.25

60 20

0 15 2

0

Case V

Rectangular Duct: uniform flow, hard wall, pressure printed

at every other point in y-direction.
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Case V Input

0

.2

1. 0.

999999999999 (20 times)

1. 1.

1.
25 20

1 2 20
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HYPERBOLIC

GOVERNING EQ.

puQ7;) •. ? • +12 ?X)2 Pao

TRANSFORMS VIA

C aCos y

7aeX +eX sin y2

TO

AND THE GOVERNING EQ. Y
BECOMES

2 P L .EyPP+(2 1 7rX)t.F(X,y)• PaO

x

WHERE FOR THE
HYBERBOLUC HORN

F(X,Y)• ex-e'2X+2(cos?-y-sin y)
4

Example of conformal map.

FIGURE 1
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Tapered Duct

Examples of Variable Area Ducts

FIGURE 2
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DUCT

Read NUMMAX
Read IDUCT

>0NUMMAX Yes Call ZXMIN

Noi

Call1 FUNCT

IDUCTYes Call SETUP

No

IDUCT Yes Call SETUPI

~TU
=0

Not

Call SETUP2

Call BLOCK
Calls OPENMS,
WRITMS, LU3,
LEQS31CLOSMS

Call OUTPUT

Call SOUND

END

Logical Flow of Duct

FIGURE 3
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APPENDIX

PROGRAM DUCT( INPUTOUTPJT, TAPE 1, TAPE 2, TAPE St, T4Pr- 4
COMMON/3 [IJA It ZETA XgZETA Y 9XMAX9Y MAXqETA , Xt, IEND 9JEN), UY2X tl ,NN ,

ICQNA,883B8,(20,20),C(2Q,2j),T(2c,o2r'),o9Y(2C,,!P(2:L),V(Zj)g,3X,3 Y,
2 AA(20), 10 T (2 lIUvO~ OT9I9IUT E' 0
COMPLEX BZTO,YVAIZETAXZETAY ,Cl, AAI,61,AA
EXTERNAL FJNCT
DIMENSION ZET(2),G(2),HH-(3),WA(6)

%f=2 0
PRINT 981
READ 983, IDUCT

981 FORMAT(* ENTER DUCT GEOM\ NOýNUNIFORýiRECTgLoYLIN[,;-lL~l -4)

PRINT 991.
READ 990, XM
PRINT 983
READ 990, ZETAX
PRINT 987
REAL) 990, ZETAY
PRINT 985
READ 990, XMAX, YMAX
PRINT 985
REAU 990, ETA
PRINT 984~
READ 992,IENDJEND
PRINT 992,1ENDJEND
PRINT 982
REAO 992,KOUTNUMMAX,IH
PRINT 989
READ 992, IOUTJOUTIT

989 FORrIAT (iX ENTER lOUT, JOUTpI T/313*)
992 FiORtAT(3I3)
982 FORMIAT(* 00 YOU WANT COMPLETE OUTPUT? OR 1 4)
983 F0RtIAT(3I3,FlG.0)
984 FORMAT(* ENTER IENO(X),JENJD(Y) 213 ~
985 FORMAT(* ENTER ETA F10,0 4)
986 FORMAT(* ENIER XMAX,YMAX Fl'vo~tFlG.' l
387 FORMAT(* ENTER ZETAY F10.0pFiO0. )
988 FORMAT(* ENTER ZETAX F10.0pF10.0 ~
990 FORIIAT(2FI0.0)
391 FORMAT(* ENTER MACH NO, F19.0~~

A I =( 0. Ii. )
ZETAX=ZETAX*(1 .'XM)
NN=JENO
iDX=XMAXf(IENO+ 1)
OY=YMAX/(CJEND+I-)
DY DX=OYfDX
CON=2.*3. 141!9265358979fETA
iA=-(1.-XM*XM) #0YDX*2-'#0?14XM*A1#DYJX4DY

GBBBB=2.+2. YO*2-ON* D*2
BBBS=B8E3B-2.*X*X*DDX
ZET (i)=REAL(ZETAY)
ZET (2)=AIMAG(ZETAY)
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IF(NUMMAX.GT.0) GO TO 10.J
CALL FUN:T (29ZETpFMIN)
GO TO F-03

ICJ NVAR=2
IOPT=O
CALL ZXI(U4;pV~~l4~.X9O~~ýpHýFlP~Iý,

Pk INT 999t CZET (1),9I=i v2) ,FMIN,49II1,NU'1MAX IIER
999 FORMAT(IX,3F16.8,3I5)
lo STOP

EN D
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f' CVLTNnOT!ýL NON-UNIrOPM 1nUCT USING CONPORMAL vAP

2 A(2,)qlUT( 2?) ,ilnJT,JOUJT,KOI.JT,IT,TO-rU3T,KýýNfl,9O

Pn-INT 990
oc-Ar QqQ, A I.-PA

999 FOO"~AT('1X,* .TI ALPHA,F4j-r #

AAr ( J))=
DO A K= 19T~'

on5 j~,jj,-jr'n

11 ( Iv I)=,.

AP(r,t=DX*FLOIT (KI
ARS -= alPH A* L OA T T ) fv

TF (TI. ".J I' ~(I ,J ) =833i-- + (I. -SHAD =-) * O"9rY*
I'( J 0 70. T -1) T, 7J ) I .-ALPHR*FOr-Y * Y /2 .

TNCLr)un 30UlrVA~y flTA V'O;RSDONrTNG TOý Y=' ANý Y=!

I (, 2-.

FOFY=-rOOS(A,ýG2)/STN(Ar'G?')
r'(J7-Nr,J-Nfl)=P(JO 7,IJ'NO)+(ALPHA*FOFYV#O/2. -. *R

IF(K .70. TNW)) GO TO F,

r ONTINUr7

C !Nf~tUj> 3OUNUJ42Y rOATA CO!ý'EIS-PCNDTNG TO X=1

Sý:HAP;-'ALQRA*XK#E-XP(ALnHA*ARG1)
CO NI=CON
CON=CON*S HA E
Do 7 T=1v,V7,nD

7 13(1,I)=B(I, 1) -C( II) *?.-CUN*tK*OX/ZFTAX

CON COkNI
WRITF(I) AA,R,r
CO 9 .J=I,JrklD

8 AAl I)=A
0O it T=1Jlj.-No

PFWTND) 1 42
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SUBROUTINE BLOCK
COMMON/BIG/A~iZETAX,7ETAYXMAXYMAXETAXMIEN0,JEN0,DYDXMNN,

iCON, A, 989893(20,v2L)vC (20920) vT(20920 )D0,Y (20) IP(2u) ,V(20) 9OXvDY9
2AA1201,OUT(20),TOUTJOUT,KOUT,ITIDUCTKEND,DB
1CO40LEX BC,T,DY,VAT9i!ETAX, ZETAY qCiv AAiB1, AACC
'DTMFNSTON CC(20,2r)
PIMEFNSION TNO)EX(301)
CALL OPFNMS(29INOEX,3l'i,l)
REWIN!) i
PrWIN13 3
PFWTNO 4

REAn(I) AA,19CC

CALL I4RIT4S(?,Y ,4rql,-iV')
Onr IAU K=>,TENOl
00l 12 I=19,FND

i2 V(T)=V(r)

nC 15 J=i,J7NO
C (IJ)=Cc (IIJ)

15 T(IvJ)=9(T9J)
CALL LU3(NNT,MtTP)
CALL LF9S7(NvTvý' ,IP,V)

A=AA (T)
TF($( En, 77N0) A =A +C(TT)

3-V (T)

00 50 1~i*,JEnI
no jýjjjN

'U V(UJý=f'(J ,T)
rALL LC3MIT' I,1

flf Lý J=i,J--Nn
A=AA (J)
TF(K -7-0, I-NO) A =A + C(J,,J)

1:1 CONTTN!Jr*

KK=3*K-7
CrALL W0ITP4S(2,'Q,8ZJ1)Kt(+i,-1,fr)
CALL
CALL WD~ITMSf2,V,4f.,KK4.3,-1,i')

10m~ CONITTN'Jr
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r

C TNVFOT UPPF?~ V~IANGULAR MATRIY TO OBTAIN SOLUTION

r)o 111 T=19,IENJO
V(T) =V(T)

nin 11i j=,JqENo

rALL LU3(NN,TMTn)
rALL LrnS'(NN,T,M, IP,kJ)

PrWTND 1

r'O ?%" K=1,IF7Nrli

CALL RE78r)MS( 2,tBq,ýJ,PKV+i)
C8LL T'V' 'K)

CALL LU,)'ý(N1,,MA,TP) <'

n' r,~ T" =1,J~f

14n Y(T)=AI(T)-VT
rALL 3 LU (W1 I),1v TP=11) . )

"AMLL LMC2
r I J NL =I ,rN
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SUBROUTINE OUTPUT
COMMON/3 IG/AIZEZETAX ErAY, XMA),YMAX IETA 9XM9IEN0 ,JINODYDX,.'19NNp

2 AA(20),,OUT (20) ,IOUTJOUTKiOUTITIJUGT,"KENOO03
COMPLEX BICITDtYVAIpZETAXZETAY ,1,-1 A941,qti1,AA
PRINT 998
DATA YEQ/3H Y=/,XEQ/3H X=/
IFCIDUCT .GT. 3) PRINT 993
IF(IOUCT .EQ. 0 ) PRINT 9-ý2
IF(IOUCT .LT. 0 ) PRINT 991

991 FORMAT(* NON-UNIFORM DU3T ~
992 FORMAT(* RECTANGULAR OUT )T
993 FORMAT(* CYLINORICAL OU'#T)

PRINT 995, Ox, DY, ZETAY, ZETAX, EzTA ,XM
IF(KOUT .EQ. 0) RETURN
PRINT 989
REWIND 3
00 200 J=1, ITIJOUT

200 OUT(J)=J*DY
PRINT 990,((YEQOUT(J)),J=1,ITJOUT),XEQ

990 FORMAT(lX,15(IXA3,F4*2) ,3XA3)
L=O
00 210 I=1,IEND
REAO(3) ( ( J) J=1,JEND)
L=L+i
IF(L *LT. IUor .AND* I .GTo 1) GO TO 210
00 209 J=i,JEN'DJOUT

209 OUT(J)=REAL(Y(J))
X= (IEN(J-I+i) *0X
PRINT 999, (OUT(J),J1,jITJOUT),X

L=0
210 CONTINUE

REWIND 3
PRINT 998
PRINT 995
PRINT 99a
00 201 J~1,ITqJOUT

201 OUT(J)=JDY
PRINT 990,((YEQOUTCJ)),J=1,ITJOUT),XEQ
L=O
00 212 I=1,IEND
READ(3 (Y(J)qJ=1qJEND)
L=L t-
IF(L *LT. IOUT *AND* I .GT. 1) GO TO 212
DO 211 J=19JENO,JOUT

211 OUT (J)=AIM A GCY(J))
X= (IEND-I*1)0DX
PRINT 999,(0UT(J),J1,vITsJOUT),X

L=0
212 CONTINUE
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934~ FDR4AT (lX, 2FIQ.5)
9 95 FORMAAT ( 23 X i IMAGINARY P,ý,?T*
iý36 FDRMAT(lXq*[.X=*Fb.'.,* 3Y=*,Fb.49* ZETAY=*9F7.49*+I* 9F7.4,y

I# ZETAX=*,F7.4q*+IF7.-q4  ETA=,qF7*4.,9  mi=*,7.'.,//)

1189 FORMATt2lXp*REAL PART*9f/)
997 FOPtIAT(H1H)
998 FDRP1AT(lXg//f)

999 FDRM1AT(lX,1&F8.3)
RE TURN
E ND
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5FUqROUTTNjF SOUND

2 AA2''0?9,OUT(2Pl),IOUTJOUT,KOUTIT,IDUCTKENn0,O
COMPLEX BCTOYVAIZFTAX,ZETAY ,CI, AA1,BIAA
PrWTNn I
1A=nDy
IF ( XM .'k'E, 0, ) Go TO 299
SUM 1=".

n0 220 J=1,JFNO
IF(TOUCT .N;ý f0) Dl=J*flY

2?1 SUM=SUJMi+REAL(AT*CONJG(YtJ))*(Y(J)-V(J)))

SUM21
KLVST=TENO-3
00 225 K=I,VL~rT

211; rONTTN'V7

"0P 230 J=I,JF'P'
Tr(TOUnT *IN4* P) flA=J*DY

211 IU4?=,;tl2+RAL(AI*CONJG(V(J))*(Y(J)-V(J)))
1 *011
PPINT 99A
~PTNT lq~qStJm2,3U"'¶.
IF(SUM2.LT.:.,) RcTURN

PRINJT q990D1

291 I'"Nn2l=TENn-'ý

x= xM AX-9y
"no 3G) J=1,JrmN'

3 C9( 1 , J) =C,'c (CNV I* YJYW-VJ)0

n0 L4GG T=t,T=ND2
F*ACT=FL0AT(') -2.* FL0AT (T/2)
WT=4,

IHF.ICT .LT. .15) 14T=2.
YXMAX-3X--)X*FLOPT(T)

n0 351, J=, I1=Nn

P ( I J = q ( 1, )+ * y) cCj
\I(J)PIA(J)

411 fO0NTTNUC
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00 450 J=1,J'NO
ri= (V (,j) - AA~( J) ) /ny

i3(jJ)D(1~i)+CE:XD(Gr)N*II~fX/YM) 'C41
V (Jý=T(!,J)

Y= x'A A
c,1I=,oN*Y (J) *0XP ( r ON] 44T*YXIym)
q(Ij)I=( a Yo)GE~(- IN* A I* y/XM)

t.5 1 rON T T W)
rl = C ON' /( v ~'AX M+ vM)

Y=Y A Y- D-
P1=-XM~r=_Yp(rG#x) +xm ,:Xp(C1' DX)

q 03 F1D?'4AT(* I::.Nlf Iý rVCN YTELqING 7fk'OQý TN nUArDýArU'?E*)

T (.1 * E,ý .1 ý1=(V( j4-1 ) _y (j) ) /D~y

~~FJ .T. .V)DI. J .LT. JENn) AI=(Ytj4.I)-VCj-1))/(?.'OY)y

IC( TU'*,UT ."~ ) r)a=j~f)y

TF J .F) . Ii ~~Pi'-(,)/l

IR(J *rir .' J .LT. JEW) )[E31= 1, J+ 1 -,,3 4,J-1)/''V
C! 8T * A +~ AT* X - 1 I/Cr)kN
YT= -ýE7AL ",ON!,jG (AA (J ) ) 1 ( 1.J /rq N)
YI=V(T4X(Y'7cjr,(AA(j) ) *A n j / 2.
YT=YT4.Xm* (CrM ( fig ~j,)) *i(ijo) +CONjc(-l'I 2~o 4 ?

IY( TDUG-T .~ )Dj''
SUj'Vi=Sl'j11+D\' VT

P"INT 9'ý4,1ýIJM1,,:ZUm9
I Ff SU'l .LT. T. VUDN

?Q14 Fl!P'AT{1 X,*CCUISTTf-, Dr'w14.- AT irNMTP'JCE= ,F*5/

I !XACr)UcrTTc POWFR AT ýYIT=

'9 7 PO?'AT(1VHf/)

C)-) q FPAT ( lY, AT T:EMU TTON = , 5)
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SIJqDOIJTTN:T! c:E-T()i0

r -T'-4I' StJ!3jrTIJT! Sr-T'SUIP TLT PINTIr. 9IFF,7RNC'.N MATRTX POR A ,'rANUA
r

2 44(211),OUT(?") ,TojT,JOUTiKOUTIT,101)^TKEN09')B
rG040LEX Rr',0T,f),YVATZ7T4X,7E:TAY ,Cj- AlA~v1,3.AA
RcEWTN-n I.
00 6 K=1,TFNO

CC I,U =A+-.?.#CON*XMI*A*YCX%['Y

13( IJON) IJ.G

TF(J.EI).I+1) R(I TJ )=- 1.

5 CONTTN'-J-

C TNIPýL(19 Rm)JT4'ArY DATA roc'R=ESPONOTNG TO YGr ANO Y=1

A I= 5'. *M#XmATOYOX/(CON;7 FTAY~r)X))
P1=-2.' Al-?.CONS AI' OYf7ETAY

Cl =At-?,*XM~r9YOyfZ-TAy

9( i,?)=-?.
A( fENr),JE'J0-D=-?,

P(J:-Nn,jENO) =RJENO,JENO)- Ri.

C (7-NO, J cNn) =C (J FNtOJ E N0) 01
IF(K FEDo TEND) GO TO 6
P(I 103 Jj, JFMI)

AA (1)=AA (1)-A I
AA (JENI)=AAt(JENO) -Al.

F, rONTIN!JC
r
C II~f0LUIV BOUNflARY nATA CORRPSOONDING TO X=1

nlo 7 I=.I'JFNO
7 B!I,T)=R(I,TI -CC T,Il* ýýYON~jAT*DX/ZcTAX

no R j=1,Jr!f
8 AA(,i)=4

W1) =AA Ci)-81
A(JcNr))AA(Jc'ND) -At

WPITF(1) AAB,0

in YtII=-AAMI)
FFWIND 1
RrETUJPN
FPM
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SUqRDUTINE SETUP2

C THIS SUPROIJTINE SETS-UP THE FINITE DIFFERENCE MATRIX FOR A CYLINOKICAL

flo1mmoN~RTG/AT,ZETAX,7ETAY,%HAX,YMAX,ETA,YM,TEND,Jc7!D,DYDX,M,NN,

2 AA (20),OUT (2ý) ,IOUT,,JO(TgKOlJT,IT,IflUrT,KEND,DB
COMPLEX 8,CqT,nC,Y,VAIqZrTAXZFTAY ,Cit AA1,BiAA
RrWIND a.
D0 6 KI,9TE'Fl
90i 5 TIi,JENn
r,( I, I) = A+ 2 *C CON * Y * AI * OY OX#DY
DO 5 J=1,JEND
TFfJ.NE.I) C( ,J)=I.
9( IJ)=V.

IF(J *EO. T-1) E3(I,J)=-i.+l./FLOAT(2*1)
5 CONTINUFF

C TNrLIJ9-- qOtJNOA-:' flATA ýc"07SPESONDING TO Y=14 AN)i V=l

Al= 2. 4 XM*YM*AT~qYDX/ (Cr1N*ZETAY*OX)

riA.A1-"'.*XM*¶OYDY/ZFT AY
tu=Aii+2 .*XN1*Y9X/Z.T AV
P( I , 2') =-21

qJENfl,JENOl)=8(JED,JENO) - 91 (1. +1. /FLOYATf2*JENr-fl
r (.JNJTNI) =r (JF NO, J7NOJ)- Cl* (1*+1 * /FLOAT (2*JENO) )
IF(1( *EQ. 1-Nfl) GO TO 6
00 jfl! J=I,JFNf)

12' AA(J)=A
AA (JENO) =AA ( JENl)-Ai* (I.+I ./FLOAT (2*JE"Nfl)
WPITF(i) AAg,9,C

6 CONTINUl:

C INCLUDEc ROUN'TiA'kY DATA C0OR~E¶TPONDTNG TO X=1.

110 7 I=l,JrNID
7 RI,I)=13(T1 1)-r(T,I) #?.*'CON*AT*JXf7ETAX

n~o Q J=1qYJ-kfl

&A (.JFNJ) AA(J;:Kl7)Ai#(i.4I. /FL0aT(2*JrMO1)))
WnIT=(I) AA,F3,C

i' Y(T)=-AA(T)
PcWINFI I
P7TUR~N
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SUOOrI'OIJ4E-- rUNcrT(N,ZFrF)
COMMON/31,/AI,ZETAX,ZETAY,XMAX,YMAX,ETA,XM,IENO,JENOOYDX,M,NN,

?AA(?fl),0UT(2P),IOJTJ0UT,KOUT,ITTOUCT,KENODB

roMPLFEY BCTD,Y,V,AI,7ETAY,ZETA)(,Ci,AAi,91,AA
r'TM=NSTON ZE-T(N~)
ZFTAV=7ET(J) +8I*ZFT(2)
IF(7E7(11*L¶,(6.) GO To 41ý
A=- (j.-XM*'Q4) DYnY*?-'CON*XM#AI*OVOX*OY
TF(ToU"-ToLT.01 CALL ScTUP
Tr(TnUCT*EO~fl) CALL S;zr(vnI
IF(T0UO'T*GT.fl) CALL SFTUv!
Qrt4TNn 4

of' 11 T=1,J"-Nfl
In Y(T)=^

TE'N ')i=Tc-'Nr) I
nC t5 J~i,T12 Nnl
W~'ITE () (V (T),I1 1,jrVNl))

C8LL BLO-K
CA~LL O'JTP(JT

CALL SOUN1'

RC*TIIRN
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C DENMTTFIrATT0N
C LUI - LU FACTOrPT7ATION OF A REAL SQUARE mATPIX

C FORTOA N '7UcPOUTINE 3U:3PROGPAM
r Ac*RDS0AC3I. QF'E.ARC'H LA30RATflPIES
c WIRIGHT-PATTFPSON Ac9, (1HTO 454'13
C o:UOPOSC,
Cý LU3 COIAnIJTcS TPIANGULAR MATRICES L AND U AND A 'IzRUTATION
C '4ATIX clSATTSFYIN5 LU = PA GIV17N AN N-'flUARE zEAL MITRIY A

CLU' IS TPITE;NDEP ;7o, USE WITH TH.7 ENTRýY POINT LFOS7 TJ P~onUC-,:
CSOL(UTION7 OF T~q VC'TOF EOUATION AX

(7 0IMFNSTON A('-~19A, Tp(ý:)

C CALL LUl(NqAmvIn)

C WH=Dc
f, N 17 AN INTEGFR IN'PUJT VARIABLE7, THE OPDzP Ov7 TH:7 WATRIY A.
C A A S A REAL INPUT ARRAY IS TRE" MATRTX T)~ BF TPIANGULAý-I7Ewb.

CA A S A PF78L 0UjTnUT ARAY TS THE U~PF; TRIANGULAR, FACTIP U
CT4 A("r,J), I *L-E. J1, ANr' TH_ LOWrR TRIANGI2LARý FACrOP L iN

C A(I,J), T r~T. J.
C M Pý AN INTCGPFR INPUT VARIABLE, THE ROW JIMENSTON OP A.
C IP IS AN TNTCGFR OUTOUT APPAY, IPr(K) , K .LT. N, 3FINGl THE IN-
C DEy OF THE K-TH 'PIVOT ROW WITH IP(N) B7EING Zr'?O IF A IS
C7 SINGULAR ANPDOET(P) IF A IS NDNSTNGLLAP.
C ()THFQ PROGPAMMINIG INFORMATION'
C LU3 CONT'ITNS THE FnRTRAN STATEMCENT

c DATA Nt1M,?ýr,

f, MUM IS INITIAL ARGUMFNT SUPPLIED TO THE SYSTEM SUBRO!1TINE LN-
C TEQEJ IN CASEc tU3 WAS ;7NTERED WITH A NONPOSITIVE N.

r nD.T(A) MAY BEC CALCULATED FROM THE FORMULA
Cl OFT A = FLOAT (IP(M) )*A(1,1) * . 9. *A(NN)
r LEOS3 IS CALLFD TO COMPUTE S;OLUTIONS OF LINEAR SYSTEMS AFTLR
c TPTANGULARIZATTON IF A BY LU;.
rC OTHER IPROGDAMS PEQUTýED
O THE SYSTFM SUr3POUTTN=E IS C4LLED FOR EPROP TRACING ANfl TChPM-
C INATION.
r METHOD
C7 THF MATRIY A IS REDUCED IN SITU TO TRIANGULAR PRODUCT FORM
c USING GAUSSIAN ELIMINATION WITH PARTIAL PIVOTING,
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C L:073 - SO)LUTION OF A LINFAR SYS.'TEM GIVEK' A TRIA\1GULAR FACIOP-
CTZATION OF THE C'OE-FFICT:-NT MATRIX

FO0')TR A N Sli oI'0J'rNEz SUE3PROGI:Ai1
C AFOSOACr RrE-4CH LABORTOPIFS

fý ~WRIGHT -0 TTE%ýON AF9, OHIO 45431

C LrQ'S'7 CO'40 UTrS THE SOLUTION X OF THr" LINEAR SYSTrM LUXK PAY
C = 093 WHr3E L, U, AND 0APE COMPUTED FROM A BY L(13,
C r')N TR L

C fT~rlMNSTON A(m,M), 10 (N) , B(N)

r CALLLQS(,,IDB
C
Cl WH70
r 4 IS; AN INT-EGc7P INPUT VARTABL-7, THE OP9EC0 OF THE MATFIX A,

CA IS A ;EAL TNDUT ARRAY, THE T?IANGULARIZEO COEFFICIENT MATRIX
C C304PJTED flY LIJ3.
C, M IS AN INTEGFR IM'PUT VARIA9LE, THE ROW DIMENSION OF A.
r IO IS AN INTEGFR. INPUT ARRAY, THE INnEXES OF THE PIVOT R~OWS

r rOMPIJT70 9v L0J3.
C n AS A PEAL IN'DUT ARRAY IS THE COLUMN VECTOR RIGHT-HAND SIDE P
C R AS A DEA OUTOUT APRAY IS THE COLUMN VECTOP SOLUTION X.
r nrHcP PROCGA'MNNG TNFOR?4ATIO)N
r LE-QS;' IS AN ENTRY POTNT TO SUBROUTINE LU3o
C OTHER PROCPAMS REQUIRED
r N ONt
C ME THOI
CTHC TWn TRIANGULAR SYSTEMS LY = 08 AND UX VARE7 SOLVED IN
C TURN FOP, THE SOLUTION X OF LUX = P31. NO CHECK IS MADE FOR

C NONSINGULAPITY OF THE MATRIX U. T14IS CHECK IS MADQE RY INTLR-
C ROGA'rING IP(N). AMi ATTEMPT TO SOLVE UY = Y WHE:RE A IS SINGULAR
C WILL RrElzlLT IN AN INFINITF OR INDEFINITE QUOTIENT.
C RFFrRFNrE!3
r (t) CLrVc 9. MiOLER, fALGOFPITHM 433 - LINEAR FQUATION SIOLVER,
Cl COMM. ACM 15(1972), P.274.
r, (2) PAUL J, NIKOLAI, THE API LINFAR ALGEB8RA LIBRARY, ARL
r TECHNICAL FEROPT APL 7i-Ji37(i97i)o

StJBROUTINF LU3(N, A, 41, IP, 8)
C
C TRTAtNGULAR.IZATION OF A RrAL SOUAPE MATRIX USING GAUSSIAN ELIMINATION

COM'13X A, 3, T
EQUIVALENCEF (KPi, KMI)
nATA NUiM 120(11
IP(N) = i
NMI = N - i

IF (NMi) 2, 65, '4

p CALL SYSTEMtNUM, 12HIILLFGAL ARG)
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4 0D 6'1 K = it NMI
KPi. K + I

90 1'] I = KPI, N
IF (tABS(RFAL(t1(I,K))) + ABS(AINIAG(A(I,K))I) *GT.

(ABS(RFAL(A(LgK))) 4+ ABS(AIMAG(A.(LgK))fl) L I
to CONTINUP

IP(K) =L
IP(N) = ISIGM(i1, K - L) *IP(N)
T = A(L,K)
Ai(L,K) = A(K,K)
A(K,K) = T
TF (A3S(tPEAL(T)) + A3S(AIMAG(T))) 15, 13, 15

17 TP(N) =
GO TO 611

15 90 20 1 = KPi, N~
A(I,K) = -A(IK)/T

fýONTIMUv
00 LSý J = KPi, IN

T =A(L.,J)
A(L,J) = AK)
tA(KqJ) = T
IF (A9S(RE.AL(T)) + ASS(AIMAG(T))) 25, 40, 25

25 00 3C I = KPi, N
A(IqJ) = A(IJ) + T*A(I,K)

3r r0NTTN!Ur
4fl CONTINUE
6m' CONTTNUP
65 IF (A(N,N) .EO, IP(N) =

RFTlJPN
ENT!DY LEQS1

Cl
C SOLUTION OF A ;ZEFAL LINFAQ SYSTEM TRIANGULARIZED BY SUBROUTINE LU3

NMI = N - I

IF (Nmi) 2, V9, 67
67 090 7J K = 1, NMI

K01 = V + I
L =IPMK
T =B(L)

=(L R(K)
l( = T

00 69 T = KPi, N
B(Tl = B(I) 4+ T*A(I,V)

7v CONTINUE
90 $1 L = 1,, NPM1

K4~1 = N - L
K = KMI + 4

R(K) =!(IAKK
T - ?K
00 75 T =I, KMt

n(I) = n(I') + T*A(I,K)
75 CONTTMUF

8p "ONTTINJF
qp PRi = f3(t)/A(i,1I)

RE-TtU N
EN r)
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